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Abstract

The present paper treats two concepts of h-dichotomy in
the nonuniform case for discrete-time systems in Banach
spaces, that is h-dichotomy and weak h-dichotomy. These
concepts use strongly invariant types of h-dichotomy pro-
jections sequences. The main result of the paper is char-
acterizations of Datko-types for these concepts.
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1. Introduction

Among the asymptotic behaviors of discrete linear systems an important role is played by the
dichotomy property and the notion of (uniform) exponential dichotomy is introduced by Perron for
differential equations and by Li for difference equations. In the theory of difference equations, subjects
with large applications, ( [1] [12], [16], [20]). A discrete variant of Perron’s results was given by Ta
Li in [19]. Several results about exponential dichotomy were obtained by [10], [22], [18]. In some
situations, particularly in the nonautonomous settings, the concept of uniform exponential dichotomy
is too restrictive and it is important to consider more general behaviors. One of the main reasons for
weakening the assumption of uniform exponential dichotomy is that from the point of view of ergodic
theory almost all variational equations in a finite-dimensional space admit a nonuniform exponential
dichotomy. On the other hand it is important to treat the case of noninvertible systems because of their
interest in applications (e.g., random dynamical systems, generated by random parabolic equations, are
not invertible).

Characterizations of the nonuniform exponential dichotomy for discrete linear systems can be found
in the works [5], [26], [29], [28] [21], [23] and of uniform exponential dichotomy for discrete linear systems
can be found in the works [6], [27], [25], [24].

This paper presents two concepts of nonuniform h-dichotomy ( h-dichotomy, weak h-dichotomy)
with strong invariant projections for discrete-time systems in Banach spaces. In addition, in this paper
we obtain different characterizations of Datko-type for these concepts.

2. Preliminaries

Let X be a real or complex Banach space and B(X) the Banach algebra of all bounded operators
from X into itself. The norms of both these spaces will be denote by || · ||. Let N be the set of all positive
intergers and we deonte by ∆ and T the follwing sets

Copyright ©2021 by the authors. Submitted for possible open access publication under the terms and conditions of
the Creative Commons Attribution license (https://creativecommons.org/licenses/by/4.0/). This work is licensed under
CC BY 4.0
ISSN

1



∆ = {(m,n) ∈ N2 : m ≥ n} T = {(m,n, p) ∈ N3 : m ≥ n ≥ p}.
In this paper we consider linear discrete-time systems of the form

(A) xn+1 = Anxn, n ∈ N

where (An) is a sequence in B(X).
Then every solution x = (xn) of system (A) is given by

xm = An
mxn, for all (m,n) ∈ ∆,

where

An
m =

{
Am−1Am−2...An, m > n

I, m = n

and I is the identity operator on X.

Remark 2.1. We have the following properties:
(i) An

n+1 = An, for all n ∈ N
(ii) An

mAp
n = Ap

m, for all (m,n, p) ∈ T.

Definition 2.1. A nondecreasing sequence (hn) on [1,∞) is called growth rate sequence if lim
n→∞

hn = ∞.

Definition 2.2. A sequence (Pn) on B(X) is called projections sequence on X if

P 2
n = Pn, for all n ∈ N

Remark 2.2. If (Pn) is projections sequence on X, then the sequence Qn = I −Pn is also a projections
sequence on X, which is called the complementary projections sequence of Pn with KerQm = RangePm

and RangeQm = KerPm and PmQm = QmPm = 0 for every m ∈ N.

Definition 2.3. The sequence (Pn) is invariant for the linear system (A), if

AnPn = Pn+1An, for all n ∈ N

Remark 2.3. If (Pn) is invariant for (A) then

An
mPn = PmAn

m An
mQn = QmAn

m,

for all (m,n) ∈ ∆.

Proof. It is immediate.

Remark 2.4. If the sequence of projections (Pn) is invariant for the linear system (A), then we also
have that the complementary sequence of projections (Qn) is invariant for the linear system (A).

Definition 2.4. The sequence (Pn) is strongly invariant for the linear system (A) if it is invariant for
(A) and the restriction of An

m is an isomorphism from Range Qn to Range Qm.

Remark 2.5. If the sequence of projections (Pn) is a strongly invariant for the system (A), then there
exists B : ∆ → R with B(n,m) = Bm

n : RangeQm → RangeQn isomorphism from Ker Pm to Ker Pn

with An
mBm

n Qm = Qm and Bm
n An

mQn = Qn for all (m,n) ∈ ∆.

Remark 2.6. If (Pn) is a strongly invariant projections sequence for (A) then there exists (Bn), for all
(m,n) ∈ ∆, is an isomorphism from Range Qm to Range Qn with the following properties:

1. An
mBm

n Qm = Qm

2. Bm
n An

mQn = Qn

3. Bm
n Qm = QnB

m
n Qm

4. Qm = Bm
mQm = QmBm

mQm

5. Bm
p Qm = Bn

pB
m
n Qm

for all (m,n), (n, p) ∈ ∆.

Proof. See [5].
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2.1. Nonuniform h-dichotomy with strongly invariant sequence of projections
Definition 2.5. Let (Pn) be a strong invariant sequence projections for the linear system (A). The pair
(A, P ) is nonuniformly h-dichotomic with respect to the sequence projections P if and only if there are
N ≥ 1, ν > 0, ϵ ≥ 0 such that the following conditions hold:

(nhds1) h
ν
m||An

mPnx|| ≤ Nhνnh
ϵ
n||Pnx||

(nhds2) hνm||Bm
n Qmx|| ≤ Nhνnh

ϵ
m||Qmx||

for all (m,n, x) ∈ ∆×X.

Remark 2.7. Let (Pn) be a strong invariant sequence projections for the linear system (A). The pair
(A, P ) is nonuniformly h- dichotomic with respect to the sequence projections P if and only if there are
N ≥ 1, ν > 0, ϵ ≥ 0 such that the following conditions hold:

(nhds
′
1 ) h

ν
m||Ap

mPpx|| ≤ Nhνnh
ϵ
n||A

p
nPpx||

(nhds′2 ) hνn||Bm
p Qmx|| ≤ Nhνph

ϵ
m||Bm

n Qmx||
for all (m,n, p, x) ∈ T ×X.

Proof. Necessity. If the pair (A, P ) is n.h.d. with the respect to the sequence of projections P then

hνm||Ap
mPpx|| = hνm||An

mPnA
p
nPpx|| ≤ Nhνnh

ϵ
n||Ap

nPpx||

and
hνn||Bm

p Qmx|| = ||Bn
pB

m
n Qmx|| =

= ||Bn
pQnB

m
n Qmx|| ≤ Nhνph

ϵ
m||QnB

m
n Qmx|| =

= Nhνph
ϵ
m||Bm

n Qmx||

for all (m,n, p, x) ∈ T ×X.
Sufficiency. Immediatly, for p = n in (nhds

′
1 ) and p = n in (nhds

′
2 ).

Remark 2.8. 1. Talking ϵ = 0, in Definition 2.5, it results the uniform h- dichotomy property, denote
by (u.h.d.).

2. Talking hm = em, for all m ∈ N in Definition 2.5, it results the nonuniform exponential dichotomy
property, denote by (n.e.d.)s.

3. Talking hm = m + 1, for all m ∈ N in Definition 2.5, it results the nonuniform polynomial
dichotomy property, denote by (n.p.d.)s.

Definition 2.6. Let (Pn) be a sequence of projections wich is strongly invariant for the (A). If the pair
(A, P ) is weakly nonuniformly h-dichotomic, then there are N ≥ 1, ν > 0, ϵ ≥ 0 such that:

(wnhds1) h
ν
m||An

mPn|| ≤ Nhνnh
ϵ
n||Pn||

(wnhds2) h
ν
m||Bm

n Qm|| ≤ Nhνnh
ϵ
m||Qm||

for all (m,n) ∈ ∆.

Remark 2.9. Let (Pn) be a sequence of projections wich is strongly invariant for the (A). The pair
(A, P ) is weakly nonuniformly h-dichotomic if and only if there are N ≥ 1, ν > 0, ϵ ≥ 0 such that:

(wnhds
′
1 ) h

ν
m||Ap

mPp|| ≤ Nhνnh
ϵ
n||A

p
nPp||

(wnhds
′
2 ) h

ν
n||Bm

p Qm|| ≤ Nhνph
ϵ
m||Bm

n Qm||
for all (m,n, p) ∈ T.

Proof. Necessity. If the pair (A, P ) is w.n.h.d. with the respect to the sequence of projections P then

hνm||Ap
mPp|| = hνm||An

mPnA
p
nPp|| ≤ Nhνnh

ϵ
n||Ap

nPp||

and
hνn||Bm

p Qm|| = ||Bn
pB

m
n Qm|| =

= ||Bn
pQnB

m
n Qm|| ≤ Nhνph

ϵ
m||QnB

m
n Qm|| =
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= Nhνph
ϵ
m||Bm

n Qm||

for all (m,n, p) ∈ T ×X.
Sufficiency. Immediatly, for p = n in (wnhds

′
1 ) and p = n in (wnhds

′
2 ).

Remark 2.10. 1. Talking ϵ = 0, in Definition 2.6, it results the weaak uniform h- dichotomy property,
denote by (w.u.h.d.).

2. Talking hm = em, for all m ∈ N in Definition 2.6, it results the weak nonuniform exponential
dichotomy property, denote by (w.n.e.d.)s.

3. Talking hm = m+ 1, for all m ∈ N in Definition 2.6, it results the weak nonuniform polynomial
dichotomy property, denote by (w.n.p.d.)s.

Remark 2.11. If the pair (A) is n.h.d. then it is also w.n.h.d. Indeed, it is sufficient to observe that
from supremum for ||x|| ≤ 1 in (nhd1), respectively in (nhd2), one obtains (wnhd1) and (wnhd2).

2.2. Nonuniform h-growth with strongly invariant sequence of projections
Definition 2.7. If the pair (A, P ) has nouniform h-growth (n.h.g), then there are M ≥ 1, ω > 0 andd
δ ≥ 0 such that:

(nhg1) hωn ||A
p
mPpx|| ≤ Mhωmhδn||A

p
nPpx||

(nhg2) hωp ||Bm
p Qmx|| ≤ Mhωmhδm||Bm

n Qmx||
for all (m,n, p, x) ∈ T ×X.

Remark 2.12. The pair (A, P ) has nonuniform h-growth if and only if there are M ≥ 1, ω > 0 and
δ ≥ 0 such that:

(nhg′
1) hωn ||An

mPnx|| ≤ Mhωmhδn||Pnx||
(nhg′

2) hωn ||Bm
n Qmx|| ≤ Mhωmhδm||Qmx||

for all (m,n, x) ∈ ∆×X.

Proof. Necessity: It is obvious for p = n in (nhg1) and p = n, n = m in (nhg2).
Sufficiency: For (nhg′1) =⇒ (nhg1) we have

hωn ||Ap
mPpx|| = hωn ||An

mAp
nPpx|| ≤

≤ Mhωmhδn||Ap
nPpx||

and for (nhg′2) =⇒ (nhg2) we have for n = p in (nhg′2).

Remark 2.13. The particular cases for the concept of nonuniform h-growth are: 1. If δ = 0, we have
nonuniform h-dichotomy.

2. If hm = em, we have nonuniform exponential growth.
3. If hm = m+ 1, we have nonuniform polynomial growth.

Definition 2.8. If the pair (A, P ) has weak nonuniform h-growth (w.n.h.g), then there are M ≥ 1, ω > 0
and δ ≥ 0 such that:

(wnhg1) hωn ||A
p
mPp|| ≤ Mhωmhδn||A

p
nPpx||

(wnhg2) hωp ||Bm
p Qm|| ≤ Mhωmhδm||Bm

n Qm||
for all (m,n, p) ∈ T.

Remark 2.14. The pair (A, P ) has weak nonuniform h-growth if and only if there are M ≥ 1, ω > 0
and δ ≥ 0 such that:

(wnhg′
1) hωn ||An

mPn|| ≤ Mhωmhδn||Pn||
(wnhg′

2) hωn ||Bm
n Qm|| ≤ Mhωmhδm||Qm||

for all (m,n) ∈ ∆.

4



Proof. Necessity: It is obvious for p = n in (wnhg1) and (wnhg2).
Sufficiency: For (wnhg′1) =⇒ (wnhg1) we have

hωn ||Ap
mPp|| = hωn ||An

mAp
nPp|| ≤

≤ Mhωmhδn||Ap
nPp||

and for (wnhg′2) =⇒ (wnhg2) we have for n = p in (wnhg′2).

Remark 2.15. The particular cases for the concept of weak nonuniform h-growth are: 1. If δ = 0, we
have weak nonuniform h-dichotomy.

2. If hm = em, we have weak nonuniform exponential growth.
3. If hm = m+ 1, we have weak nonuniform polynomial growth.

3. The main results

In this paper, we will consider H the set of growth rates (hn) that satisfy the following properties:
(1) ∃ H > 1 : hn+1 ≤ Hhn,∀n ∈ N

(2) ∀α ∈ (−1, 0), ∃ H1 > 1 :

∞∑
k=m

hαk ≤ H1h
α
m, ∀m ∈ N

(3) ∀α ∈ (0, 1), ∃ H2 > 1 :
m∑
j=0

hαj ≤ H2h
α
m, ∀m ∈ N.

We consider (Pn) a sequence of projections strongly invariant for (A) and (Qn) the complementary
projections sequence of (Pn).

Theorem 3.1. If (A, P ) has nonuniform h-growth and h ∈ H, the pair (A, P ) is nonuniformly h-
dichotomic if and only if exists D > 1, d > 0 with

(nhDs
1)

∞∑
k=n

hdk||A
p
kPpx|| ≤ Dhd+ϵ

n ||Ap
nPpx||

for all (m,n, p, x) ∈ T ×X.

(nhDs
2)

∞∑
k=p

hdk
||Bm

k Qmx||
≤

Dhdph
ϵ
m

||Bm
p Qmx||

,

for all Bm
p Qmx ̸= 0 and (m,n, p, x) ∈ T ×X.

Proof. Necessity Let be d ∈ (0, ν)
(nhDs

1)
∞∑
k=n

hdk||A
p
kPpx|| ≤

∞∑
k=n

hdkh
ϵ
kN

(
hk
hn

)−ν

||Ap
nPpx|| ≤

≤ Nhνn||Ap
nPpx||

∞∑
k=n

hd−ν+ϵ
k ≤ NH1h

d+ϵ
n ||Ap

nPpx|| =

= Dhd+ϵ
n ||Ap

nPpx||

where D = NH1 > 1 and (n, p, x) ∈ ∆×X.
(nhDs

2)
∞∑
k=p

hdk
||Bm

k Qmx||
≤

∞∑
k=p

Nhdkh
ϵ
k

(
hp
hk

)ν

· 1

||Bm
p Qmx||

≤

≤
Nhνp

||Bm
p Qmx||

∞∑
k=p

hd+ϵ−ν
k ≤

NH1h
d+ϵ
p

||Bm
p Qmx||

≤
Dhdph

ϵ
m

||Bm
p Qmx||
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where D = NH1 > 1 for all Bm
p Qmx ̸= 0 and (m,n, p, x) ∈ T ×X.

For the sufficiency, if we consider k = m in (nhDs
1), respectively k = n in (nhDs

2), we obtain (nhd1)
and (nhd2).

Theorem 3.2. If (A, P ) has nonuniform h-growth, h ∈ H, then the pair (A, P ) is nonuniformly h-
dichotomic if and only if exists D > 1, d > 0 with:

(nhDs1
2 )

m∑
j=n

h−d
j

||An
j Pnx||

≤ Dh−d+ϵ
n

||An
mPnx||

,

for all (m,n, x) ∈ ∆×X and An
mPnx ̸= 0.

(nhDs2
2 )

m∑
j=n

||Bm
j Qmx||
hdj

≤ D||Qmx||
hd+ϵ
m

,

for all (m,n, p, x) ∈ T ×X.

Proof. Necessity. Let be d ∈ (0, ν).
(nhDs1

2 )
m∑

j=n

h−d
j

||An
j Pnx||

≤
m∑

j=n

Nh−d
j ·

(
hj
hm

)ν

hϵj ·
1

||An
mPnx||

≤

≤ Nh−ν
m

||An
mPnx||

·
m∑
j=p

hν−d+ϵ
j ≤ NH2h

−d+ϵ
n

||An
mPpnx||

=

=
Dh−d+ϵ

n

||An
mPnx||

where D = NH2 > 1 and An
mPnx ̸= 0 for all (m,n, p, x) ∈ T ×X.

m∑
j=n

||Bm
j Qmx||
hdj

≤

≤
m∑
j=p

Nh−d
j

(
hm
hj

)−ν

hϵm||Aj
mQjB

m
j Qmx|| ≤

≤ Nh−ν+ϵ
m ||Qmx||

m∑
j=n

hν−d
j ≤ Dh−d+ϵ

m ||Qmx||

where D = NH2 > 1.
Sufficiency. For j = n in (nhDs1

1 ) and (nhDs2
2 ) we obtain (nhds1) and (nhds2).

Theorem 3.3. If (A, P ) has h ∈ H, the pair (A, P ) is weakly nonuniformly h-dichotomic if and only if
exists D > 1, d > 0 with

(wnhDs
1)

∞∑
k=n

hdk||A
p
kPp|| ≤ Dhd+ϵ

n ||Ap
nPp||

for all (m,n, p) ∈ T.

(wnhDs
2)

∞∑
k=p

hdk
||Bm

k Qm||
≤

Dhdph
ϵ
m

||Bm
p Qm||

,

for all Bm
p Qmx ̸= 0 and (m,n, p) ∈ T.
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Proof. Necessity
Let be d ∈ (0, ν)
(wnhDs

1)
∞∑
k=n

hdk||A
p
kPp|| ≤

∞∑
k=n

hdkh
ϵ
kN

(
hk
hn

)−ν

||Ap
nPp|| ≤

≤ Nhνn||Ap
nPp||

∞∑
k=n

hd−ν+ϵ
k ≤ NH1h

d+ϵ
n ||Ap

nPp|| =

= Dhd+ϵ
n ||Ap

nPp||

where D = NH1 > 1 and (n, p) ∈ ∆.
(wnhDs

2)
∞∑
k=p

hdk
||Bm

k Qm||
≤

∞∑
k=p

Nhdkh
ϵ
k

(
hp
hk

)ν

· 1

||Bm
p Qm||

≤

≤
Nhνp

||Bm
p Qm||

∞∑
k=p

hd+ϵ−ν
k ≤

NH1h
d+ϵ
p

||Bm
p Qm||

≤
Dhdph

ϵ
m

||Bm
p Qm||

where D = NH1 > 1 for all Bm
p Qm ̸= 0 and (m,n, p) ∈ T.

For the sufficiency, if we consider k = m in (wnhDs
1) and k = n in (wnhDs

2), we obtain (wnhds1)
and (wnhds2).

Theorem 3.4. If (A, P ) has h ∈ H, then the pair (A, P ) is weakly nonuniformly h-dichotomic if and
only if exists D > 1, d > 0 with:

(wnhDs1
2 )

m∑
j=n

h−d
j

||An
j Pn||

≤ Dh−d+ϵ
n

||An
mPn||

,

for all (m,n) ∈ ∆ and An
mPn ̸= 0.

(wnhDs2
2 )

m∑
j=n

||Bm
j Qm||
hdj

≤ D||Qm||
hd+ϵ
m

,

for all (m,n, p) ∈ T.

Proof. Necessity. Let be d ∈ (0, ν).
(wnhDs1

2 )
m∑

j=n

h−d
j

||An
j Pn||

≤
m∑

j=n

Nh−d
j ·

(
hj
hm

)ν

hϵj ·
1

||An
mPn||

≤

≤ Nh−ν
m

||An
mPn||

·
m∑
j=p

hν−d+ϵ
j ≤ NH2h

−d+ϵ
n

||An
mPn||

=

=
Dh−d+ϵ

n

||An
mPn||

where D = NH2 > 1 and An
mPn ̸= 0 for all (m,n, p) ∈ T.

m∑
j=n

||Bm
j Qm||
hdj

≤

≤
m∑
j=p

Nh−d
j

(
hm
hj

)−ν

hϵm||Aj
mQjB

m
j Qm|| ≤
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≤ Nh−ν+ϵ
m ||Qm||

m∑
j=n

hν−d
j ≤ Dh−d+ϵ

m ||Qm||

where D = NH2 > 1.
Sufficiency. For j = n in (wnhDs1

1 ) and (wnhDs2
2 ) we obtain (wnhds1) and (wnhds2).
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