Formulas for derivatives of multiple order of
rational functions, with/without determinants of
coefficients- Proofs of theorems
Laurian Colcer

The first two derivatives of rational functions

Proof of Theorem 1.

a) To prove (3) we present the calculation in detail:

o) = Fg() - fIg'() = Ehyjax/ D(ERbix) - Elhoax) (T, jhx/™) =

Yo XM Yy jeme1Jaib; — XA XM it jemerjaib; = XS X™ Yy jemeaj(ab; - aib) =
YA x™ Yy jemea(iaib; — jaib;) )]

We will reduce like terms that appear in each ¢, highlighting the [ji| minors of the matrix
Ai:

m= X1 e Sl +Zl+, mer il = 2000 m+1]|ﬂ| ¥ ma1Jlij| = (swapping notations

fOI'land_]) _Z{"'J m+1]|]l| L+] m+1l|ji|’so Cm = Z(J_I)| ’

i+j=m+l

b) In order to find the form of the numerator fn[z](x) of the second derivative of the rational

O A c)) : [2]
function, r”’(x) =g?+1(x)’ we are using the formula f,,” =
g 0 f
g g f 9
g” Zgl fll

which can be proved either independently by derivation twice or as a special case for t = 2 of
Lemma 1. All terms below a;, b; and b with indexes i, j respectively k which are negative or greater
than n are zero and the terms with those coefficients are considered zero (regardless of the power
to which the indeterminate is raised x).

We notice that from (9) = the degree of the polynomial fn[z] is no greater than 3n-2. We

have:
F =X i(i — Dax'=2%,g'(0=X}_ojbjx’~, 9" (0=X}_0j( — Dbjx/~2.
Using the linearity of the determinant in (9) as a function of columns, we develop it as a
sum:
b;x’ 0 ax
ib, xJ N b, X iax'

f710) = 1RG22kt (i ~1)ax | -

(giving a common factor across each of the columns, then factoring the powers of x over the
lines)

1 XGEN



1 0 1
= Sijeemaibbx | j 1 i =
iG—1) 2k i(i—-1)
= Di,j keM aibjbkxi+j+k_2 @—-NGE+j—2k—-1).
But since the terms for which i = j are zero, we have in the sum i +j, so max(i+j+k-2) = (n-
1)+n+n-2 =3n-3, thus
making the notation i+j+k-2= m, we have

£P(x) = 233 d,, x™ where d., =
= D abhe NG+

i+j+k=m+2
which proves the formula (4).

+ We note that in the last sum we can interchange b; with by, so this sum is
symmetrical in j and k, so we can write

2dm =Y+ jk=m+2 Qibjby [ +J-2k-1) + (-k) (i + k-2j-1)] =
Yitjsk=mez Qibjby [20% = 20 = 2i(j + k) + 4jk + (j + k) — j> — k?] =
Ditj+k=m+2 Aibjb 210 — D)+ 6jk — G+ B)[2i+ (+ k) -D]} =
"R (2i(i — 1) + 6]k — (j + K)[2i + ( + k) — D]} = (5) holds.
To demonstrate (6), we write that (5) = 2dn= X0 i Xj+k=m+2—i Biji>

where we note By & {2i(i — 1) + 6jk — (j + k)[2i + (j + k) — 1)]}bjb.

Now since the Bjj terms are obviously symmetric in j and k, we deduce that
j<k j>k —

Z]+k m+2-i Uk z:]+k m+2—i le + z:]+k m+2—i ijk + Z:j+k=m+2—iBiJ'k -

_ Jj<k j j<k o oeNpe e 2 . .
_22j+k=m+2 —i l]k+Z]+k —m+2—i Uk 2Z]+k=m+2_iBijk+2(]—l)(]'l+1)b',Where 2]—m+2—l,

so the terms 2(]—1)(]—l+1)bj2 appear at most for m-i even; so

dm= Zi+j+k=m+2

1 j<k .
/2Z]+k =m+2-i Biji = Z]+k=m+2—iBl]k +3 2]+k —m+2-i Bijk =

dm= S0 S s dbibi[2iG = D)+ 6jk — ( + k)i +j+k — D] + %

i+1)bj2}, so formula (6) is also true.

+ It remains to demonstrate (7): we denote the presumptive numerator by
Y3l g x™ with em =
Zﬁ:;:izmﬂ(j —)(k — j)(k — i)|ijk| and we wish to prove that ey, is identical to d, from
formula (6).

G-0G-

b, b,

b,

Indeed, making the notation |jk| = , and developing the determinant |ijk| after
the first line we get |ijk| = ai|jk| - aj|ik| + ax|ij| so, noting the products (j-1)(k-j)(k-1) with I, we
get

i<j<k . j<i<k . j<k<i »
€m = Zi+j+k=m+3 [y a;|jk| - Zi+j+k=m+3 ;. a;|ik| 2i+j+k=m+3 Iy ay |ij]
+

then, interchanging in notation j with 7 in the second sum and bearing in mind that I =
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- Il , and in the third sum making the circular permutation (k—1, i—j, j—k) and since Ix; = ik ,
we have
i<j<k . j<i<k . j<k<i .
em= Z;+§+k=m+3 Hi]'kai Ukl + Z{+]l'+k=m+3 Hijkai jkl| + 2{+j+lé=m+3 Hi]'kai l]kl =
(the order in which the summation index i is placed relative to j and k is arbitrary)
— yJ<k Tl —
= z:i+j+k:m+3 Hl'jk a; k| =
(grouping the terms in ai a; and noting s" = m+3-1) = XL a; X+ j=s Djjk, Where
qer y<k <k
Dy 343 e Mijic Ikl = Xy josr Mijic (bjb,, — by, by)
<k <k
= Z{c+j=sl(] 1) (k J) (k 1) 'j k 1- Z{<+j=5,(]"i) (k'j) (k'i)bj-1bk;
in order to find and group together similar terms, let's examine the coefficients with which
they appear in the algebraic sum, substituting in the first sum k =k’+1, respectively in the second
sumj =j'+1. We have

D =Yl5 s iemiz—iG-DK + 1D K + 1-Dbbe B3 jomaz—iG + 1-D (k-1 (k- by by =~
(renoting j', k" with j respectively with k and factoring b;bx to reduce the like terms two by

two) = Dyr= Yk [G-D(k + 1) (k + 1-0) — (j + 1-0) (k=j-1) (k-D)]b;by,

jtk=m+2-i

+(j-i)(j-i+1)b]? where 2j=m+2-i, that is, the term in b]? appears at most for m-i even
number and, doing the calculation in parentheses, we get: Dix =

Z]:<k_ {b bk[2|(| 1)+6]k (J+k)(2|+J+k 1] +&(J |)(J-|+1)b]2}, SO €m = dm

j+k=m+2-i
from the proven formula (6), so equality (7) is also true, Q.E.D.

Derivatives of arbitrary order of the rational functions

Proof of Theorem 2.

We will use the method of complete mathematical induction.
For t = 1 respectively, we proved formula (9).

We will deduce the formula of fn[t+ 1 (x) from that of fn[t] (x) for any t > 1 (8). We have:

A = (A9 00g00 - @+ DA (g R). (9)
We nOte (lo - 1 - il - 0)(10 + il - 212 - 1) (lo + il + b + it—l - t " it - t + 1) Withp(t).
We will calculate the two terms of difference (9) in turn:

AIy0geo = (ZEL Anx"Yg() = EEDE20m (4 D)y (SR, 2o b, xi651)

t+2 1
= piney szﬂm p(m + Dby, Ay =
(t+2)(n 1) ig,iq, it €N _
Z xP Zm"'lt+1 P(m + 1)blt+1 Z:ig+1i1+f-+it=(m+1)+t Qi bi1biz bitp(t) -

t+2 1
= pBe ) XP Vi sistotipett14ipg=pio i1 + -+ iy — £) @y by by, by by, p(E) =
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(t+2)(n—1)

Z XxP Z ay by, by, . byby,, p(E) o + iy + -+ iy — £) (10)

p=0 i0+i1+"‘+it+it+1:p+t+1

To find out the second term in (9), we calculate

DA = @+ D™ ™ (E o (itar + Dby, x0) =

U1
- (t+2)(n-1) ; ig,ig, it €N B
_(t + 1) Zp:() xP Zm+it+1=p(l£+1 + 1)bi,’:+1+1 Zi3+1il+f-+it=(m+1)+t aio bilbiz bitp(t) -

(Noting i;; + 1 = it1)
_ 301

p . . . iOlill""it eN ) 3 A 3 —
p=0 X ZTTH'lt+1=P(t + 1)lt+1blt+1 Zi0+i1+---+it=(m+1)+t aj, bl1blz bltp(t) -

(t+2)(n-1)
Z xP Z aiobilbi2 bitbit+1p(t)(t + l)it+1
p=0 fo+ig+-+ig+ipp1=p+t+1

From (9) we get: fn[Hl] (x) =
(t+2)(n-1)

Z xP Z aiobilbiz "'bitbit.'.lp(t)[iO + il + -+ it —t— (t + 1)it+1]

p=0 i0+i1+"'+it+it+1=p+t+1

Proof of Theorem 3.

We first note the proposition "GCD of the numerical coefficients of the polynomial fi*] is

equal to t!” cu P.. We will prove it by complete mathematical induction after t. P; is obvious true
from the formula for the derivation of a ratio of functions.

We now assume that for some positive integer t all Py, Po,
demonstrate that P:.; is also true.
Lemma 3 tells us the formula (2) for fil, V t e N¥*, a non-identical null polynomial (11)

from the hypothesis, otherwise r®(x) = 0 and r(x) would be a polynomial in x
so applying Lemma 1 to the t+1 order derivative, we have
M 0 0 ] i

..., Py are true. We shall then

J
g 2 0 ] 0 '

o 2 o 4] 1] r

ol (e (e el o

We develop the determinant (10) after the penultimate column and get:

(12)
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/ I'I =2 ]
f[t+1]=_ 1+ g(l)f{t]+gj.;"-"-'[ | ]g"--"' . E 0 Fre==y

|,_1_.' _— =1 - t—1 . I
.I;.—I .I‘.I—.I . gl I _|'l"_ ]
| t=1
[r+| r+l] e
. I_!nl.n _|._J'-' J,-l.-rl-
r—2 i— |

Then we repeat the above procedure recurrently: we develop after the penultimate column
the last determinant obtained (algebraic complement of element g) and finally we get:

{ i i i
fien) = [ [ 1F lﬁlg(l)f[t] _ lH l]g(z)ﬁt-l]g _ l“; : ]g(s)ﬁt-z]gz - L: Jl-]g(ﬁl)f[O]gt] +
1] - .

".

t+1)at+1 —
Sfiebg

k=1 e
But because from the induction hypothesis and Lemma 3 it follows that the numerical

_ E.H- I[ i+ 1 ]J{.:Jt:- L [.'+ I—JL]HA— I +f(t+1)gt+1.

coefficients of any term polynomial term of the above sum are divisible by % k!(t+1-k)! =

(t+1)!, We have that all the numerical coefficients of fit*1] are divisible by (t+1)!. And from the
P

induction hypothesis and from (11) the first term of the sum, the polynomial | '~ ! filg has the
| I

GCD of its numerical coefficients equal to (t+1)!, it follows that any common divisor of the

numerical coefficients of the polynomial fi*l is a divisor of (t+1)!, so GCD of the numerical

coefficients of fitl is precisely (t+1)!; so P11s true. It follows, by virtue of mathematical induction,
that Theorem 3 is true.
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